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0) Intro

A Questions about the physical properties
of some systems can be really hard

I low-energy configurations

A spin glasses

A proteins /1\ /f
I finding ground states f *

... optimization

I methods: simulated annealing,
imaginary time evolution...

A heuristic methods,
average case vs. worst case

A does quantum mechanics help?



0) Intro: Local Hamiltonians

A Two questions about local Hamiltonians

I interesting (ground) state properties
QMA-complete problems

I continuous-time quantum computing
BQP universality

H(t) = Zﬂj(t)



0) Intro: Local Hamiltonians

A Two questions about local Hamiltonians

I interesting (ground) state properties
QMA-complete problems

I continuous-time quantum computing
BQP universality

A Stronger results:
I small locality, simple geometry
I small energy X time cost
I large promise/eigenvalue gaps
I time independence, translational invariance



0) Outline

Partl (the basics)

A Computation, circuits
and Hamiltonians
I NP-completeness of SAT

I Feynman, reversible
computing, Hamiltonian
guantum computers

A Finding a difficult
Hamiltonian problem

T Local Hamiltonian
[KitaeV]

T Quantum k-SAT
[Bravyi]

Part Il (the topics)

A Getting down to 2-local
I projection lemma
I perturbation gadgets

I optional
A Quantum 2-SATin 1D
A Quantum (5,3)-SAT

A Quantum computers
from local Hamiltonians
I Adiabatic quantum

computation

I quantum walks
and railroad switches



1) The class NP

A Questions (yes/no), whose answers are easy to check

A Factoring
Does 114991 have
a factor smaller than 60?7

114991 = 1949 x 59

E
A Graph isomorphism c D
Are these two graphs X
isomorphic? A B
A Satisfiability 1fo]1]
. . . e 01
Is there a bit st.rmg avoiding olh ieallowed
all the bad assignments? 1]1] [ substrings
1 0]




1) The class NP

A Questions (yes/no), whose answers are easy to check

A Merlin tries to convince Arthur

— 0/1

v
Q

a yes case: there exists a witness,
on which C outputs yes

a no case: for all inputs, C outputs no



1) NP-complete problems

A Knowing how to solve a hard problem
would let us solve an easier problem

does 1147 have — is th'ere
a divisor > 307 . a 4-clique?
translate into
an instance
of a“hard”
problem

YES

if we could
do this...

YES



1) NP-complete problems

A Knowing how to solve one NP-hard problem
would let us solve all NP problems

— 0/1

v
Q

A Could this circuit ever output 17? 3-local conditions
Does this verifier circuit \

have a withess? /{;\ /; 4 _‘j @
\_/Iﬁ\/ _; 2

A 3-SAT is NP-complete (NP-hard, also in NP)

A an NP-complete problem must also belong to NP



1) The class QMA

A questions (yes/no), whose answers
are easy to check on a quantum computer

A Merlin tries to convince Arthur

— M 0/1
==
|()> — —
a yes case: there exists a witness, on which V
outputs yes with high probability (p > a)
a No case: on any input, V outputs yes

only with a small probability (p < b)



1) Hardness for the class QMA

A questions (yes/no), whose answers
are easy to check on a quantum computer

A Merlin tries to convince Arthur

N 0/1

A solving a QMA hard problem = the ability to answer this:

Is there an input to this quantum verifier circuit
giving output 1 with high probability?

A let’s find such a problem (about Hamiltonians)



2) Implementing reversible (quantum) circuits

A The Schrodinger equation

.d
I a Hamiltonian H Zdthp(t» = H(1)|¥())
i generates time evolution 19(t)) = Utolw(0))
I physical Hamiltonians: local H(t) = ZHj (t)
J

. ] ] —

A How to make it compute? 1A B

I a(gquantum, reversible) circuit U e : A B




2) Making a system compute: a way that won’t work

A atime evolution of a quantum system:

o) [0)---10) === [o) 1) [02) - L)

|Q0t> = UtUt—l “ e U2U1 |Q00>

I this would allow cloning!

I classically, there’s no problem l Y _H\%
with copying information... y, o




2) Feynman’s Hamiltonian computer




2) Hamiltonian quantum computation

A Feynman’s

apointer particle ;. _ oy = |10000)
Hamiltonian (clockregister) 1 —1), —Jo1000)
computer the workspace t=2), = [00100)
(work register) t=3), = ]00010)

L
A The Hamiltonian Hp=-Y" (Ut ) (t—1|+ Ul ® |t —1) (t|)

t=1
A A quantum walk = =
on a“line” o) ® |0),
Ut |po) ® [1),
UsUs o) @ |2), . o
UsU2Ut |po) ® [3), -




2) Hamiltonian quantum computation

A Feynman’s

apointer particle ;. _ oy = |10000)
Hamiltonian (clock register) t=1), = [01000)
the workspace t=12), = |00100)

mputer c
compute (work register) t=3). = [00010)

L
A The Hamiltonian Hp=-Y" (Ut ) (t—1|+ Ul ® |t —1) (t|)

t=1

A A quantum walk
on a“line”

©
S
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]—L
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A The outpui U2Us
UsU,U4
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2) Hamiltonian quantum computation

A Feynman'’s Hamiltonian

L
HF=—Z(Ut®|t)(t—1|+Uf®|t—1)(t|)

t=1

A The“line” of states a possibility: wrap around a circle
o) ©10), 0 1 0 0 (0]

Uy o) @ 1), 1 0 1 0 0

UxUi |po) @ |2), Hr=—-—]10 1 0 1 0

UsUxUs |¢0) ® |3), O 01 0 1
U,UsUsUy | go) ® [4), @0 0 1 0

I the eigenvectors: walk on a line, plain waves



2a) Boosting the success probability

compute
a) 0—1-2— )
uncompute
w2
@QQ .....
s
f2 uncompute
1 -1
/ \
c) 0 L
| I
1 L1
\
2 uncompute
%@ \ e
QA}

b) o L
starting success region
site

d) o starting I

site

success
region




3) The Local Hamiltonian problem

A The history state

I astate encoding the progress of a quantum computation
L

Yhist) = Y |(Us...Ur) o)
t=0

work register after t gates

i encodes also the result of U |¢)

A A ground state
I a Hamiltonian with energy penalties for
A non-history states (bad computation)

A states with computations yielding "no’ ‘n0> X ‘L> c
I if a circuit can output ‘yes, a "good’ history state exists

I the ground state of H then has low energy



3) The Local Hamiltonian problem

A The history state: a ground state

I astate encoding the progress of a quantum computation
L

Yhist) = 3 (Vs U lpo) @ 1t),  |lo) ® [t—1),]
= Uile) © [t).]

A Kitaev’s (k-)LocaI Hamiltonian

H = Z@"‘H’an +H0ut

t=1 computation (history)

_ %lt)(t|c+|t_1)<t_llﬂ) :;[—1 _i}

- ([Eema—T11uf e l—1) )




3) The Local Hamiltonian problem

A The propagation Hamiltonian

H, =

A A good basis: the “line” of states

U1

UsUq
UsUUq
U UsUUy
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- (18) (8l + [ — 1) (¢~ 11)

1
—1
0
0
0

%(Utfg ) (¢t — 1|+ U @[t — 1) (f|)

—1
2
—1
0
0

| a positive operator (a sum of projectors)
I the only zero-energy state: the uniform superposition

1

2

=i

in some basis




3) The Local Hamiltonian problem

A The history state: a ground state
I astate encoding the progress of a quantum computation

L
hist) = 3 (Us-..U1) o) ® [£), ® |0
hist ; o U1) |0 0) .

check that the ancilla

bits are not 1
A Kitaev’s (k-)Local Hamiltonian 7

L
H = ZHt +@+ Hout
t=1

initialization



3) The Local Hamiltonian problem

A The history state: a ground state

I astate encoding the progress of a quantum computation
L

hia) = YU o) @1, (lenl)o 1),

t=0
check that the final

answer is hot 0
A Kitaev’s (k-)Local Hamiltonian e

L
H= H+Hm+‘

final answer



3) The Local Hamiltonian problem

A The history state: a ground state

I astate encoding the progress of a quantum computation

L

Gnist) = 3 (Us ..U o) ® [t

t=0

A Kitaev’s (k-)Local Hamiltonian

L
H: ZHt+Hin+Hout

t=1

I encoding the clock: in binary
addressing, transitions: log-L local

I gives a (log-L)-local Hamiltonian problem




3) The Local Hamiltonian problem

A The history state: a ground state
I astate encoding the progress of a quantum computation

|¢hzst

\/ﬁz U1) lpo) ®t),

A Kitaev’s (k-)Local Hamiltonian

b

L
H:ZHt+Hin‘|‘Hout ﬂI

t=1

I YES case: there exists a state [po) accepted by U with probability 1-¢

I its history state has energy
<¢hist| H |¢hist> S 0 + 0 ‘|‘



3) The Local Hamiltonian problem

I NO case: any state is accepted by U with probability at most €

I any state has energy

(... details in Part I ...) (n| H |n) >

A Kitaev’s (k-)Local Hamiltonian

b

L
HZZHt+Hin+Hout aI

t=1

| YES case: there exists a state |¢o) accepted by U with probability 1-¢

I its history state has energy
<¢hist| H |¢hist> S 0 + 0 ‘|‘



3) Local Hamiltonian and Quantum k-SAT

A Local Hamiltonian [Kitaev]

I an analogue of classical MAX-k-SAT

I is the ground state energy of the whole H

less than a or more than b? I
A Quantum k-SAT [Bravyi]
I an analogue of classical k-SAT b —+

I Hamiltonian: a sum of projectors. H = Z P;
Can they all be satisfied? i ’ f

A How to prove they are hard?

I encode any g. computation U into the ground state of some H

I knowing the ground state energy of H means
knowing whether U can ever output 'yes’



3) Conclusions [Part 1]
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